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The explicit new representations of the effective moduli and stress concentration factors are expressed
through some building block described by numerical solution for one heterogeneity inside the inﬁnite
medium subjected to homogeneous remote loading. The method uses as a background a new general
integral equation proposed in Buryachenko (2010a,b), which incorporates inﬂuence of stress inhomoge-
neity inside the inclusion on the effective ﬁeld and makes it possible to reconsider basic concepts of
micromechanics such as effective ﬁeld hypothesis, quasi-crystalline approximation, and the hypothesis
of ‘‘ellipsoidal symmetry’’. The results of this reconsideration are quantitatively estimated for some mod-
eled composite reinforced by aligned homogeneous heterogeneities of non canonical shape. Some new
effects are detected that are impossible in the framework of a classical background of micromechanics.
 2010 Elsevier Ltd. All rights reserved.1. Introduction shaped steel wires have higher strength than those reinforced byA growing recognition that the properties of composite materi-
als (CM) involve different scales reﬂects the explosive character of
the progress in modern nano- and micromechanics caused by the
development of image analyses and computer-simulation methods
on one hand and advanced experimental techniques (such as X-ray
tomography and electron microscopy) and improved materials
processing (prescribed structure controlled by processing) on the
other.
Research shows that composite mechanical properties greatly
depend on the ﬁber shape (Zhou et al., 2005). To obtain a better
load transfer mechanism and better stress distribution, many dif-
ferent ﬁber geometries have been experimented and analyzed. Ko-
zaczek et al. (1995) studied a single non ellipsoidal inclusion in an
inﬁnite medium, which can be considered as a limiting case of a di-
lute concentration of inclusions. They demonstrated that the shape
of the inclusion plays a role in the stress distribution in the grain
boundary region; sharp corners raise stress more effectively than
rounded edges of oblong-shaped precipitates. CM reinforced by
shaped head ﬁbers provide additional mechanical locking in com-
parison with straight ﬁbers. Zhou (1994) probably ﬁrst introduced
this concept and showed that matrix composites with dumbbell-ll rights reserved.
paign, IL 61820, USA.
.rr.com (V.A. Buryachenko).straight wires. Tsai et al. (2005) analyzed stress proﬁles induced
during pullout of two chosen shaped head families using a ﬁnite
element analysis (FEA). Bagwell and Wetherhold (2005) (see also
Wetherhold and Lee, 2001) investigated shaped ﬁber ends pro-
duced by end-impacting and knotting ﬁbers to facilitate anchoring,
similar to work with bone-shaped short ﬁbers produced by Zhu
and Beyerlein (2002) who evaluated the mechanical behavior of
enlarged-end short ﬁbers by experimental pullout of aligned ﬁbers
from a polyester matrix. Zhou et al. (2005) developed a FEA proce-
dure for inclusion shape optimization maximizing the stiffness of
CM and demonstrated that the enlarged-end short ﬁber with many
threads is more desirable.
It should be mentioned that micromechanical modeling and
simulation of random structures are becoming more ambitious be-
cause of the advances in modern computer software and hardware.
Such methods, usually referred to as computational micromechanics
(see, e.g., the representative works Gusev et al., 2002, Lusti and
Gusev, 2004, Duschlbauer et al., 2006 and references therein), are
based on both the wide exploration of Monte Carlo simulation
and periodization of random media (see, e.g., Sab and Nedjar,
2005) with forthcoming numerical analysis for each random reali-
zation of multiparticle interactions of microinhomogeneities. How-
ever, at the present level of computer hardware and software, they
are practical only for realizations containing no more then a few
thousand inhomogeneities.
1 It is known that for 2-D problems the plane-strain state is only possible for
material symmetry no lower than orthotropic (see e.g., Lekhnitskii, 1963) that will be
assumed hereafter in 2-D case.
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analytical micromechanics represented by the perturbation, varia-
tional, and self-consistent methods are usually based on funda-
mental notions such as Green’s function and the Eshelby tensor.
Appropriate, but by no means exhaustive, references for the esti-
mation of effective elastic moduli of statistically homogeneous
media are provided by the reviews by Willis (1981), Mura
(1987), Nemat-Nasser and Hori (1993), Torquato (2002), Milton
(2002), Buryachenko (2007). However, a combination of the gen-
eral anisotropy of the matrix and the general shape of randomly lo-
cated inclusions with continuously variable anisotropic properties
poses a signiﬁcant barrier to the classic approaches based on either
analytical or numerical representation for the Eshelby tensor for
inclusions. Because of this, the combination of computational
micromechanics with analytical micromechanics seems to be very
promising. The main computational advantage of the FEA lies in
the fact that such fundamental notions as Greens function and
Eshelby tensor are not used. The most popular methods adapted
to micromechanical modeling of random structure CM reinforced
by heterogeneities of non canonical shape are apparently the Mori
and Tanaka (1973) method (MTM) and multiparticle effective ﬁeld
method (MEFM) (see for references Buryachenko, 2007) with their
one-particle approximation known as the method of effective ﬁeld
(MEF). MEFM does not make use of a number of hypotheses which
form the basis of the traditional one-particle methods including
MTM.
The popular schemes of micromechanical analysis are based on
numerical solutions for estimation of strain polarization tensor
g(x) = Ri(x)r0 for single (at least) inclusion vi 2 Rd for 3(d  1)
(d = 2,3) different unit external loading r0 that allows the tensor
Ri to be averaged over the volume of the inclusion. This tensor Ri
then can be incorporated into the one or another general frame-
work of analytical micromechanics for self-consistent estimations
of so-called effective ﬁeld (see for details Buryachenko, 2007).
However, all mentioned methods are based on the effective ﬁeld
hypothesis (EFH, even if the term ‘‘effective ﬁeld hypothesis’’ was
not indicated) according to which each inclusion is located inside
a homogeneous so called effective ﬁeld. Effective ﬁeld hypothesis
is apparently the most fundamental, most prospective, and most
exploited concept of micromechanics. This concept has directed a
development of micromechanics over the last sixty years and made
a contribution to their progress incompatible with any another
concept. The idea of effective ﬁeld dating back to Mossotti (1850)
[see also Markov (1999) and Scaife (1989), who presented compre-
hensive reviews of the 150 years history of this concept accompa-
nied by some famous formulae with extensive references] was
added by the hypothesis of ‘‘ellipsoidal symmetry’’ for the distribu-
tion of inclusions attributed to Willis (1977) (see also Ponte
Castañeda and Willis, 1995). However, we will show in this paper
that the EFH (also called the hypothesis H1a) is a central one and
other concepts play a satellite role providing the conditions for
application of the EFH. Moreover, we will show that some of these
mentioned hypotheses are not really necessary and can be relaxed.
The paper is organized as follow. In Section 2 we present the ba-
sic ﬁeld equations of linear elasticity, notations, and statistical
description of the composite microstructure. The new general inte-
gral equations are proposed in Section 3 for the case of statistically
inhomogeneous structures of composite materials. These equa-
tions are obtained by a centering procedure of subtraction from
both sides of a known initial integral equation the statistical aver-
ages obtained without any auxiliary assumptions such as, e.g., EFH
implicitly exploited in the known centering methods. The new
general integral equation is compared with the known ones. In Sec-
tion 4 we recall the basic concepts deﬁning the background of clas-
sical micromechanics. Explicit formulae for both effective elastic
moduli and stress concentrator factor are presented. The new gen-eral integral equations are presented in Section 5 through the ma-
trix form of the particular solutions for one heterogeneous in the
large matrix sample subjected to homogeneous effective ﬁeld. This
equation is solved in the framework of the quasi-crystalline
approximation but without basic hypotheses of classical microme-
chanics such as both the old version of the EFH and ‘‘ellipsoidal
symmetry’’ assumption. In Section 6 we show the results of the
implemented numerical simulations and we analyze the improve-
ments introduced by the new approach with respect to the classic
ones and demonstrate the corrections of popular propositions ob-
tained in the framework of the old background of micromechanics.
2. Preliminaries
2.1. Basic equations
Let a linear elastic body occupy an open bounded domain
w  Rd with a smooth boundary C and with an indicator function
W and space dimensionality d (d = 2 and d = 3 for 2-D and 3-D
problems, respectively). The domain w contains a homogeneous
matrix v(0) and a statistically homogeneous set X = (vi,Vi,xi) of
inclusions vi with indicator functions Vi and centers xi. It is as-
sumed that the inclusions can be grouped into component (phase)
v(1) with identical mechanical and geometrical properties (such as
the shape, size, orientation, and microstructure of inclusions). For
the sake of deﬁniteness, in the 2-D case we will consider a plane-
strain problem. At ﬁrst no restrictions are imposed on the elastic
symmetry of the phases or on the geometry of the inclusions.1
The problem is governed by the local equations of elastostatics
of composites
r  rðxÞ ¼ 0; ð2:1Þ
rðxÞ ¼ LðxÞeðxÞ; or eðxÞ ¼ MðxÞrðxÞ; ð2:2Þ
eðxÞ ¼ ½ruþ ðruÞ>=2; r eðxÞ  r ¼ 0; ð2:3Þ
where (.)> denotes transposition and  and  are the scalar and vec-
tor products, respectively. L(x) and M(x)  L(x)1 are the known
stiffness and compliance fourth-order tensors, and the common
notation for contracted products has been employed.
In particular, for isotropic constituents the stiffness tensor L is
given in terms of the local bulk modulus k and the shear modulus
l : L ¼ ðdk;2lÞ  dkN1 þ 2lN2, N1 = d  d/d,N2 = I  N1 (d = 2or3);
d and I are the unit second-order and fourth-order tensors and 
denotes tensor product. For the ﬁber composites it is the plane-
strain bulk modulus k[2] – instead of the 3-D bulk modulus k[3] –
that plays the signiﬁcant role: k[2] = k[3] + l[3]/3, l[2] = l[3]. The ten-
sors g (g = L,M) of material properties are piecewise constant and
decomposed as g  gð0Þ þ g1ðxÞ ¼ gð0Þ þ gð1Þ1 ðxÞ where g(0) = const,
g(x)  g(0) at x 2 v0 and gð1Þ1 ðxÞ  gð1Þ1 is a homogeneous function
of the x 2 v(1):
Lð1Þ1 ðxÞ ¼ Lð1Þ1  const: at x 2 v ð1Þ: ð2:4Þ
The upper index (m) indicates the components and the lower index i
indicates the individual inclusions; v(0) = wnv,
v  v ð1Þ; VðxÞ ¼ V ð1Þ ¼PViðxÞ, and V(1)(x) and Vi(x) are the indica-
tor functions of v(1) and vi, respectively.
The boundary conditions at the interface boundary will be con-
sidered together with the mixed boundary conditions on C with
the unit outward normal nC
uðxÞ ¼ uCðxÞ; x 2 Cu; ð2:5Þ
rðxÞnCðxÞ ¼ tCðxÞ; x 2 Ct; ð2:6Þ
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aries such that Cu [ Ct = C, Cu \ Ct = ;. uC(x) and tC(x) are, respec-
tively, prescribed displacement on Cu and traction on Ct. Of special
practical interest are the homogeneous boundary conditions
uCðxÞ ¼ eCx; eC  const:; x 2 C; ð2:7Þ
tCðxÞ ¼ rCnCðxÞ; rC ¼ const:; x 2 C; ð2:8Þ
where eC and rC are the macroscopic strain and stress tensors,
which are the given constant symmetric tensors.
2.2. Statistical description of the composite microstructure and
averaging operations
It is assumed that the representative macrodomainw contains a
statistically large number of realizations a of inclusions vi 2 v(1)
(i = 1,2, . . .) of the constituent v(1) (providing validity of the stan-
dard probability theory technique). A random parameter a belongs
to a sample space A, over which a probability density p(a) is de-
ﬁned (see, e.g., Willis, 1981). For any given a, any random function
g(x,a) (e.g., g = V,r,e) is deﬁned explicitly as one particular mem-
ber, with label a, of an ensemble realization. Then, the mean, sta-
tistical or ensemble average is deﬁned by the angle brackets
enclosing the quantity g
hgiðxÞ ¼
Z
A
gðx;aÞpðaÞda: ð2:9Þ
No confusion will arise below in notation of the random quantity
g(x,a) if the label a is dropped for compactness of expressions un-
less such indication is necessary. One treats two material length
scales (see, e.g., Torquato, 2002): the macroscopic scale L, character-
izing the extent of w, and the microscopic scale a, related with the
heterogeneities vi. Moreover, one supposes that applied ﬁeld varies
on a characteristic length scaleK. The limit of our interests for both
the material scales and ﬁeld one is presented in an asymptotic sense
L	 KP a; ð2:10Þ
as the scale of microstructure a relative to the macroscale L tends to
zero. All the random quantities under discussion are described by
statistically homogeneous random ﬁelds. For the alternative
description of the random structure of a composite material let us
introduce a conditional probability density u(vi,xi jv1,x1, . . . ,vn,xn),
which is a probability density to ﬁnd the ith inclusion with the cen-
ter xi in the domain vi with ﬁxed inclusions v1, . . . ,vn with the cen-
ters x1, . . . ,xn. The notation uðv i; xi j; v1;x1; . . . ;vn;xnÞ, with the
introduction of a semicolon, denotes the case xi– x1, . . . ,xn. In par-
ticular, a random medium is called statistically homogeneous in a
narrow sense if its multi-point statistical moments of any order
are shift-invariant functions of spatial variables. Clearly, to prevent
overlapping of different inclusions uðv i;xi j;v1;x1; . . . ;vn;xnÞ ¼ 0
for values of xi lying inside the ‘‘excluded volumes’’ [v0mi
(m = 1, . . . ,n), where v0mi 
 vm with indicator function V0mi is the ‘‘ex-
cluded volume’’ of xi with respect to vm (it is usually assumed that
v0mi  v0m), and uðv i; xi j; v1;x1; . . . ;vn;xnÞ ! uðv i;xiÞ as
jxi  xmj?1, m = 1, . . . ,n (since no long-range order is assumed).
u(vi,x) is a number density, n(x) = n(i) = n, of components v 3 vi at
the point x and c(1) is the concentration, i.e. the volume fraction,
of the component vi 2 v at the point x : cð1ÞðxÞ ¼ hViðxÞ ¼
v inðxÞ; v i ¼mes v i (i = 1,2, . . .),c(0)(x) = 1  hV i(x). Hereafter, if the
pair distribution function gðxi  xmÞ  uðv i;xi j;vm; xmÞ=nðkÞ de-
pends on xm  xi only through jxm  xij it is called the radial distri-
bution function (RDF). The notations h(.)i(x) and
h(.)jv1;x1; . . . ; vn;xni(x) will be used for the average and for the con-
ditional average taken for the ensemble of a statistically homoge-
neous ﬁeld X = (vi) at the point x, on the condition that there are
inclusions at the points x1, . . . ,xn and xi– xj if i– j (i, j = 1, . . . ,n).The notations h(.)j; v1;x1; . . . ;vn;xni(x) are used for the case
x R v1, . . . ,vn. The notation h()ii(x) at x 2 vi means the statistical
average over an ensemble realization of surrounding inclusions at
the ﬁxed vi whereas h()i(i) indicates the volume average over an
inclusion vi in a single realization and h(.)ii  hh(.)i(i)i.
We will use two sorts of conditional averages of some tensor g
(e.g., g = e,r). At ﬁrst, the conditional statistical average in the
inclusion phase hgi(q)(x)  hgVi(q)(x) (at the condition that the point
x is located in the inclusion phase x 2 v(q) = v(1)) can be found as
hgVi(q)(x) = hV(q)(x)i1hgV(q)i(x). Usually, it is simpler to estimate
the second conditional averages of these tensors in the concrete
point x of the ﬁxed inclusion x 2 vq : hg j vq;xqiðxÞ  hgiqðxÞ. It
should be mentioned that the popular equality of the mentioned
averages
hgiðqÞ ¼ hgiq; ð2:11Þ
is only fulﬁlled for statistically homogeneous media subjected to
the homogeneous boundary conditions. However, although in a
general case
hgiðxÞ  cð1Þhgið1ÞðxÞ – cð1Þhgjvq;xqiðxÞ; ð2:12Þ
where vq 2 v(1), it can be easy to establish a straightforward relation
between these averages for the aligned identical inclusions vq. In-
deed, at ﬁrst we built some auxiliary set v1qðxÞ with the boundary
@v1qðxÞ formed by the centers of translated ellipsoids vq(0) around
the ﬁxed point x. We construct v1qðxÞ as a limit v0kq ! v1qðxÞ if a ﬁxed
ellipsoid vk is shrinking to the point x. Then we can get a relation
between the mentioned averages [x = (x1, . . . ,xd)>]:
cðqÞhgiðqÞðxÞ ¼
Z
v1q ðxÞ
nðqÞðyÞhgjvq; yiðxÞdy: ð2:13Þ
Formula (2.13) is valid for any material inhomogeneity of inclusions
of any concentration in the macrodomain w of any shape (if
v1qðxÞ  w). Obviously, the general Eq. (2.13) is reduced to Eq.
(2.11) for both the statistically homogeneous media subjected to
homogeneous boundary conditions and statistically homogeneous
ﬁelds g (e.g., g = r,e). However, in a general case g(vq,y)(x) 
f(x,y)g1(vq,y) [g1(vq,y) is a statistically homogeneous ﬁeld and
f(x,y) is a continuous function of x,y], Eq. (2.13) is not reduce to
Eq. (2.11).
3. General integral equation
We reproduce a revised version of the general integral equation
obtained by Buryachenko (2010a,b).
Substituting the constitutive Eq. (2.2) and the Cauchy Eq. (2.3)
into the equilibrium Eq. (2.1), we obtain a differential equation
with respect to the displacement uwhich can be reduced to a sym-
metrized integral form for e after integrating by parts (see, e.g.,
Chapter 7 in Buryachenko, 2007)
eðxÞ ¼ e0ðxÞ þ
Z
w
Uð0Þðx yÞsðxÞdy
þ
Z
C
rGð0Þðx sÞsðsÞnðsÞds; ð3:1Þ
where s(x)  L1(y)e(y) is the stress polarization tensor and the
surface integration is taken over the external surface C with the
outer normal nC(s)\C of the macrodomain w  Rd. The integral
operator kernel U(0) is the second derivative of the Green
tensor Gð0Þ : Uð0ÞijklðxÞ ¼ rjrlGð0Þik ðxÞ
h i
ðijÞðklÞ
, where the parentheses in
lower indices mean symmetrization, and G(0) is the inﬁnite-
homogeneous-body Green’s function of the Navier equation with
L(0) deﬁned by r Lð0Þ 12 ½rGð0ÞðxÞ þ ðrGð0ÞðxÞÞ>
n o
¼ ddðxÞ, and
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tion. The strain e0(x) is deﬁned by appropriate boundary conditions
in the Somigliana (1886) identity (see, e.g., Brebbia et al., 1984):
e0pqðxÞ ¼
Z
C
Gð0Þiðp;qÞðx sÞt0i ðsÞ  u0i ðsÞLð0ÞijklGð0Þkðp;qÞlðx sÞnjðsÞ
h i
ds;
ð3:2Þ
which conforms with the stress ﬁeld r0(x) = L(0)e0(x). In Eq. (3.2)
t0(s)  r0(s)nC(s) is the traction on the smooth surface C. The Cau-
chy data [u0(s),r0(s)] (depending also on perturbations introduced
by all heterogeneities) at the surface s 2 C can be found, e.g., from
the conventional boundary integral equation (BIE) in the limit
x? C:
1
2
u0ðsÞ ¼
Z
C
Gð0Þðs fÞt0ðfÞ  Tð0Þ>ðs; fÞu0ðfÞ
h i
df
þ
Z
w
rGð0Þðs yÞsðyÞdy; ð3:3Þ
where T ð0Þip ðs; fÞ ¼ Lð0ÞijklGð0Þpk;lðs fÞnjðfÞ. Without loss of generality, we
assume the traction boundary conditions (2.6) when t0(s)  tC(s)
is prescribed on Ct = C.
Now we center Eq. (3.1), i.e. from both sides of Eq. (3.1) their
statistical averages are subtracted (x 2 vi)
eðxÞ ¼ hei þ
Z
w
Uð0Þðx yÞsðyÞ  hUð0Þðx yÞsiðyÞ
h i
dy þ IC ;
ð3:4Þ
where in the right-hand-side of Eq. (3.4), the integral over the exter-
nal surface C
IC 
Z ð0Þ
C
rGð0Þðx sÞsðsÞ  hrGð0Þðx sÞsiðsÞ
h i
nðsÞds
þ e0ðx;aÞ  he0iðxÞ; ð3:5Þ
can be dropped out, because this tensor vanishes at sufﬁcient dis-
tance x from the boundary C
a jx sj; 8s 2 C: ð3:6Þ
This means that if jx  sj is large enough for " s 2 C, then at the por-
tion of the smooth surface ds  jx  sjd1dxs with a small solid an-
gle dxs the tensor rG(0)(x  s)jx  sjd1 depends only on the solid
angle xs variable and slowly varies on the portion of the surface
ds; in this sense the tensor rG(0)(x  s) is called a ‘‘slow’’ variable
of the solid angle xs while the expression s(s) on the right-
hand-side integral of Eq. (3.5) is a rapidly oscillating function on
ds and is called a ‘‘fast’’ variable. Therefore we can use a rigorous
theory of ‘‘separate’’ integration of ‘‘slow’’ and ‘‘fast’’ variables,
according to which (freely speaking) the operation of surface inte-
gration may be regarded as averaging (see for details, e.g., Filatov
and Sharov (1979) and its applications Shermergor (1977)). If (as
we assume) there is no long-range order and the function
uðv j;xj j;v i;xiÞ uðv j; xjÞ decays at inﬁnity (as jxi  xjj?1)
sufﬁciently rapidly2 then it leads to a degeneration of both the
surface integrals in Eq. (3.5) and the summand e0(x,a)  he0i(x).
The integrals in Eq. (3.4) converges absolutely because the term
in the square brackets in Eq. (3.4) is of order O(jx  yj2d) as
jx  yj?1. Therefore, for x 2w considered in Eq. (3.4) and re-
moved far enough from the boundary C (3.6), the right-hand side
integrals in Eq. (3.4) does not depend on the shape and size of the
domain w, and it can be replaced by the integrals over the whole
space Rd. With this assumption we hereafter omit explicitly denot-
ing Rd as the integration domain in the equation2 Hansen and McDonald (1986), Torquato and Lado (1992) proposed a faster than
exponential decreasing function for aligned ﬁbers of circular cross-section.eðxÞ ¼ heiðxÞ þ
Z
Uð0Þðx yÞsðyÞ  hUð0Þðx yÞsiðyÞ
h i
dy; ð3:7Þ
which can also be presented in terms of stress
rðxÞ ¼ hriðxÞ þ
Z
Cð0Þðx yÞgðyÞ  hCð0Þðx yÞgiðyÞ
h i
dy; ð3:8Þ
where C(0)(x  y)  L(0)[Id(x  y) + U(0)(x  y)L(0)]. It is important
to stress that the equality
hCð0Þðx yÞgiðyÞ ¼ Cð0Þðx yÞhgiðyÞ ð3:9Þ
is only asymptotically valid at jx  yj?1 for statistically homoge-
neous media subjected to homogeneous boundary conditions. Then
Eq. (3.8) is asymptotically reduced to the known one (see for details
Buryachenko, 2007)
rðxÞ ¼ hri þ
Z
Cð0Þðx yÞ½gðyÞ  hgidy; ð3:10Þ
which corresponds to Eq. (3.8).
Let the inclusions v1, . . . ,vn be ﬁxed and we deﬁne two sorts of
effective ﬁelds riðxÞ and er1;...;nðxÞ ði ¼ 1; . . . ;n; x 2 v1; . . . ;vnÞ by
the use of the rearrangement of Eq. (3.8) in the following form
(see for the earliest references of related manipulations Bury-
achenko, 2007):
rðxÞ ¼ riðxÞ þ
Z
Cð0Þðx yÞViðyÞgðyÞdy; ð3:11Þ
riðxÞ ¼ er1;...;nðxÞ þXn
j–i
Z
Cð0Þðx yÞVjðyÞgðyÞdy; ð3:12Þ
er1;...;nðxÞ ¼ hriðxÞ þ Z Cð0Þðx yÞgðyÞVðyj;v1;x1; . . . ; vn;xnÞ
 Cð0Þðx yÞgiðyÞ dy;
ð3:13Þ
for x 2 vi, i = 1,2, . . . ,n; here Vðy j v1;x1; . . . ;vn;nÞ is a random indica-
tor function of inclusions y 2 v under the condition that xi– xj if
i– j (i,j = 1, . . . ,n). Then, considering some conditional statistical
averages of the general integral Eq. (3.8) leads to an inﬁnite system
of new integral equations (n = 1,2, . . .)
jhrjv1; x1; . . . ; vn; xniðxÞ 
Xn
i¼1
Z
hCð0Þðx yÞViðyÞg
v1;
x1; . . . ; vn; xniðyÞdy
¼ hriðxÞ þ
Z
hCð0Þðx yÞg ;v1;x1; . . . ; vn; xniðyÞ  hCð0Þðx yÞgiðyÞdy:
ð3:14Þ
The system of Eqs. (3.11)–(3.14) are described in Buryachenko
(2007), Chapter 8, under the restriction given in Eq. (3.9) and ex-
tended to the above form in Buryachenko (2010a,b). Although
Eqs. (3.7), (3.8) and (3.11)–(3.14) were obtained for a general case
of statistical inhomogeneity of heterogeneities ﬁeld, a subsequent
analysis will be performed for statistically homogeneous ﬁelds of
heterogeneities.
4. Some classical hypotheses and approaches
In order to simplify the exact system (3.14) we now apply the
so-called effective ﬁeld hypothesis which is the main approximate
hypothesis of many micromechanical methods:
Hypothesis 1a (H1a). Each heterogeneity vi is located in the
effective ﬁeld (3.12)riðyÞ  rðxiÞ ðy 2 v iÞ; ð4:1Þ
which is homogeneous over the heterogeneity vi.
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this basic hypothesis H1a is complimented by a satellite
hypothesis:Hypothesis 1b (H1b). The perturbation introduced by the inclusion
vi at the point y R vi is deﬁned by the relationZ
Cð0Þðy  xÞViðxÞgðxÞdx ¼ v iTiðy  xiÞgi: ð4:2Þ
Hereafter gi  hg(x)Vi(x) i(i) is the average over the volume of the
inclusion vi and if xi, z 2 vi, x R vi, xj, y 2 vj
Tiðx xiÞ ¼ hCð0Þðx zÞiðiÞ; Tijðxj  xiÞ ¼ hTiðy  xiÞiðjÞ: ð4:3Þ
When x 2 vi then Ti(x  xi) = Qi  const., where the tensor Q i is
associated with the well-known Eshelby tensor by Si = I M(0)Q i.
For a homogeneous ellipsoidal inclusion vi the standard assumption
(4.1) (see, e.g., Buryachenko, 2007) yields the assumption (4.2),
otherwise the formula (4.2) deﬁnes an additional assumption. The
tensors Tij(xi  xj) has an analytical representation for spherical
inclusions of different size in an isotropic matrix (see for references
Buryachenko, 2007), the case of ellipsoidal inclusions of different
sizes and orientations is analyzed by Franciosi and Lormand
(2004) and by Franciosi (2010).
According to hypothesis H1a and in view of the linearity of the
problem there exist constant fourth and second-rank tensors Bi(x),
Ri(x), such that
rðxÞ ¼ BiðxÞrðxiÞ; v igðxÞ ¼ RiðxÞrðxiÞ; x 2 v i; ð4:4Þ
where vi  v(1) and RiðxÞ ¼ v iMð1Þ1 ðxÞBiðxÞ. According to Eshelby’s
(1957) theorem there is the following relation between the aver-
aged tensors (4.4) Ri ¼ v iQ1i ðI BiÞ; where gi  hg(x)i(i) (g stands
for Bi,Ri). For example, for the homogeneous ellipsoidal domain vi
Mð1Þ1 ðxÞ ¼Mð1Þ1  const:; at x 2 v ð1Þ: ð4:5Þ
we obtain Bi ¼ Iþ Q iMðiÞ1
 1
. In the general case of coated inclu-
sions vi, the tensors Bi(x) can be found by the transformation meth-
od by Dvorak and Benveniste (1992) (see for references and details
Buryachenko, 2007).
For termination of the hierarchy of statistical moment Eq. (3.14)
we use the closing effective ﬁeld hypothesis called the ‘‘quasi-crys-
talline’’ approximation by Lax (1952) which in our notations has
the following form.
Hypothesis 2 (H2, ‘‘Quasi-crystalline’’ approximation). It is sup-
posed that the mean value of the effective ﬁeld at a point x 2 vi
does not depend on the stress ﬁeld inside surrounding heteroge-
neities vj– vi:
hriðxÞj; v j;xji ¼ hrii; x 2 v i: ð4:6Þ
Combining hypotheses H1a, H1b, substitution of the solution
(4.4) into the ﬁrst equation of the system (3.14) at n = 1 under
the quasi-crystalline approximation H2 leads to the following
solution for both the effective ﬁeld and effective compliance at
x 2 vi
hrii ¼ R1i YRihri; ð4:7Þ
hgiiðxÞ ¼ RiðxÞR1i YRihri; ð4:8Þ
M ¼Mð0Þ þ nð1ÞYRi; ð4:9Þ
where the matrix Y determines the action of the surrounding
inclusions on the considered one and has an inverse matrix Y1
given byðY1Þ ¼ I Ri
Z
Tiqðxi  xqÞuðvq; xq
	 ; v i;xiÞ  Tiðxi  xqÞnð1Þ
dxq:
ð4:10Þ
General case of the closing hypothesis taking n interacting hetero-
geneities is considered in Chapter 8 in Buryachenko (2007).
To make further progress, the hypothesis of ‘‘ellipsoidal symme-
try’’ for the distribution of inclusions attributed to Willis (1977) is
widely used:
Hypothesis 3 (H3, Ellipsoidal symmetry). The conditional proba-
bility density functionu(vj,xjj;vi,xi) depends on xj  xi only through
the combination q ¼ jða0ijÞ1ðxj  xiÞj:
uðv j; xjj;v i; xiÞ ¼ hðqÞ; q  a0ij
 1
ðxj  xiÞ
 ; ð4:11Þ
where the matrix a0ij
 1
(which is symmetric in the indexes i and j,
a0ij ¼ a0ji) deﬁnes the ellipsoid excluded volume
v0ij ¼ x : a0ij
 1
x
 2 < 1
( )
.
For spherical inclusions the relation (4.11) is realized for a sta-
tistical isotropy of the composite structure. It is reasonable to as-
sume that a0ij
 1
identiﬁes a matrix of afﬁne transformation that
transfers the ellipsoid v0ij being the ‘‘excluded volume’’ (‘‘correla-
tion hole’’) into a unit sphere and, therefore, the representation
of the matrix Y can be simpliﬁed:
ðY1Þ ¼ I nð1ÞRiQ 0i ; ð4:12Þ
where, for the sake of simplicity of the subsequent calculation, it is
usually assumed that the shape of ‘‘correlation hole’’ v0ij does not de-
pend on the inclusion vj: v0ij ¼ v0i and Q 0ij ¼ Q 0i  Q ðv0i Þ.
As pointed out by Benveniste (1987), the essential assumption
in the Mori and Tanaka (1973) method (MTM) states that each
inclusion vi behaves as an isolated one in the inﬁnite matrix and
subject to some effective stress ﬁeld ri coinciding with the average
stress in the matrix
hrii ¼ hrið0Þ: ð4:13Þ
Using Eq. (4.13) as the closing assumption and substituting the
hypothesis H2 leads to the next representation for both the statisti-
cal average local stresses and effective compliance
hriiðxÞ ¼ BiðxÞ cð0ÞIþ cð1ÞBi
	 1hri; ð4:14Þ
M ¼Mð0Þ þ cð1ÞRi cð0ÞIþ cð1ÞBi
	 1
: ð4:15Þ
The representations (4.9), (4.12) and (4.15) do not coincide even for
the identical aligned isotropic ﬁbers if vi and v0i are not homothetic
(in particularly, if vi is not an ellipsoid, see Buryachenko, 2007).
5. New approach (NA)
In order to simplify the exact system (3.14) we accept the
hypotheses H1a and H2 while the hypotheses H1b and H3 will
not be used. Then conditional averaging of Eqs. (3.12) and (3.13)
leads to the following representation for the mean of the effective
ﬁeld in the ﬁxed inhomogeneity x 2 vi
hriiðxÞ ¼ hriðxÞ þ
Z
Lrq ðx xqÞhriqðxqÞ uðvq;xqj;v i; xiÞ  nðqÞ
	 
dxq;
ð5:1Þ
where the tensor Lrq ðx xqÞhriqðxqÞ is named stress perturbator and
it is deﬁned by the equation
Fig. 1. Schematic representation of the MEF.
Fig. 2. Schematic representation of the new approach.
724 V.A. Buryachenko, M. Brun / International Journal of Solids and Structures 48 (2011) 719–728Lrq ðx xqÞrðxqÞ 
Z
Cðx yÞVqðyÞgðyÞdy ¼ rðxÞ  rðxÞ: ð5:2Þ
The stress perturbator factor Lrq ðx xqÞ has the physical meaning of
a proportionality factor of a stress perturbation introduced by a sin-
gle heterogeneity vq in the point x 2 Rd. In particular, if the hetero-
geneity vq is a homogeneous ellipsoidal one, then the equality (4.2)
is fulﬁlled, and Lrq ðx xqÞ ¼ Tqðx xqÞRq. In a general case of a non
canonical inhomogeneous heterogeneity vq the hypothesis H1b
(4.2) is not assumed to be valid. However, due to the deﬁnition
(5.2)1 for the homogeneous effective ﬁeld rðxÞ  const., the tensor
Lrq ðx xqÞ can be found by any appropriate numerical method
(such as, e.g., FEA). For example, namely FEA of a large sample with
a single small non canonical heterogeneity vq (L = 40a) was used for
estimation of the tensor BiðxÞ  Lrq ðx xqÞ þ I at x 2 vq (see for de-
tails Chapter 4 in Buryachenko, 2007). We use the same scheme for
evaluation of Lrq ðx xqÞ at x R vq.
Thus, Eq. (5.1) for the aligned identical heterogeneities is re-
duced to the equation
hriiðxÞ ¼ hriðxÞ þ T iðxÞhriiðxiÞ; ð5:3Þ
where estimation of the tensor
T iðxÞ 
Z
Lrq ðx xqÞ uðvq;xqj; v i;xiÞ  nðqÞ
	 
dxq; ð5:4Þ
will be performed according to the following two steps scheme. At
ﬁrst, we estimate the perturbator Lrq ðx xqÞ by the FEA of a large
sample with a single small non canonical heterogeneity vq
(L = 40a) following the method described in Section 4 in
Buryachenko (2007). In the second step, we estimate the integral
(5.4). In so doing, the meshes used in both the FEA Eqs. (5.2) and
(5.4) are different (see for details Section 6).
After evaluation of the tensor T iðxÞ (x 2 Rd) (5.4), the problem
of estimation of both the statistical average of stress concentrator
factor and effective compliance becomes trivial:
hriiðxiÞ ¼ I hT iðxÞiðiÞ
 1
hri; ð5:5Þ
and, therefore,
hriiðxÞ ¼ BiðxÞ I hT iðxÞiðiÞ
 1
hri; ð5:6Þ
M ¼Mð0Þ þ nð1ÞRi I hT iðxÞiðiÞ
 1
: ð5:7Þ6. Numerical results
With the non essential restriction on space dimensionality d
and on the shape of inhomogeneities we will consider 2-D plane
strain problems for composites reinforced by aligned inﬁnite ﬁbers
with non circular cross-section schematically presented in the
Fig. 1 and described by the curve
ðxR1þrsÞ2þðyR2þrsÞ2¼r2s ; forfjxj>R1rsg\fjyj>R2rsg;
jxþyR1=R2jþjxyR1=R2j¼2R1; forfjxj<R1rsg[fjyj<R2rsg;
(
ð6:1Þ
which reduces to a circle and a rectangular in the limiting cases
R1 = R2 = rs = a and rs = 0, respectively. We will consider the ﬁxed
values R1 = 1, rs/R1 = 0.1, 1 and isotropic constituents with the
Young moduli E(1) = 100, E(0) = 1 and Poisson ratio m(1) = m(0) = 0.45.
Figs. 1 and 2 present not only the geometrical parameters of the
inhomogeneities vi and vq but also a schematic comparison of both
the classical approach (MEF, see Fig. 1) and the new one (see Fig. 2).
In the classical approach the effective ﬁeld hrii depends only on the
volume average of the strain polarization tensor hgiq distributed in
the ellipsoidal excluded volume v0i . Excluded volume v0i in the MEFis chosen to be ellipsoidal one homothetic to the ellipsoid velli
enveloping vi (usually the aspect ratio of velli is taken as R2/R1),
and, because of this, all estimations by the MEF are invariant with
respect to the size of v0i . In the new approach the effective ﬁeld
hriiðxÞ in the area x 2 vi occupied by the matrix material (see
Fig. 2) is generated by a moving heterogeneities vq (see Eqs. (5.3)
and (5.4)) and the inhomogeneity of the detailed distribution
hgiq(y) (y 2 vq) affects the effective ﬁeld hriiðxÞ (x 2 vi). Further-
more, the domain of this long-range action is limited not only by
xq 2 v0i , but by a domain v/i for location of inclusion centers xq
were u(vq,xrjvi,xi)  n(q) is not negligible (in the sense of inﬂuence
on M⁄), and an effect zone of stress perturbations produced by the
heterogeneity vq is limited by the Minkowski addition of domains
x 2 viq  v/i  vq (see Fig. 2) rather than by the domain vq as in the
MEF. Moreover, we note that in classical approaches there is no a
systematic approach to choose the size and shape of the excluded
volume. A domain, where uðvq; xq j;v i;xiÞ  nðqÞ is not negligible, is
discretized by the square mesh Xsq (p; k 2 Z1Þ of v0i (see Fig. 2),
which impacts on the estimations of effective properties.
Xsq ¼ fðx1; x2Þ> j ðp 1Þh < x1 < ph; ðk 1Þh < x2 < khg; ð6:2Þ
where h is the discretization step and x1, x2 are local coordinates
with origins at the ﬁber centers, which will be exploited for stress
assignment inside and outside the ﬁber in the Eq. (5.4) and esti-
mated in the postprocessing of FEA. In order to compute the integral
in Eq. (5.4) the discretization (6.2) have been applied considering
the simple Simpson numerical integration rule on piecewise-
constant elements; this choice has been dictated by the simplicity
of implementation also for non regular inclusion shapes even if it
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discretization step h. It should be mentioned that the main reason
of the choice of the square mesh (6.2) is its double using for two dif-
ferent problems. At ﬁrst this mesh is exploited for estimation of the
effective ﬁeld hriiðxÞ (5.3). At the second, the same mesh (6.2) is
used as the location of the moving inclusion centers xq in Eq.
(5.4). It gives an opportunity the use of a solution (5.2) for one het-
erogeneity in a sample in the nodes of just one realization of the
mesh (6.2) which is exploited as an ‘‘output’’ mesh for a solution ob-
tained on a standard inhomogeneous mesh XFEA of the FEA. How-
ever, in the case of immediate use of the inhomogeneous mesh
inside and outside a heterogeneity (which is more effective for esti-
mation of the perturbator factor Lrq ðx xqÞ), we will need to esti-
mate the stresses in the nodes of a new mesh generated for each
location xq of the moving inclusion vq. Therefore, the square mesh
(6.2) is optimal for the current problem.
We are coming now to the analysis of the conditional probabil-
ity density uðvkÞ;xk j;v i;xiÞ. This function is well investigated
only for identical spherical (3D and 2D cases) inclusions with
a radius a when the pair distribution function g(xi  xm) 
uðv i;xi j;vm; xmÞ=nðkÞ depending only on jxm  xij is called the ra-
dial distribution function (RDF). Two alternative RDFs of inclusion
will be examined (see Torquato and Lado, 1992; Hansen and
McDonald, 1986)
gðxixqÞ uðv i;xij;vq;xqÞ=nðqÞ ¼Hðr2aÞ; ð6:3Þ
gðxixjÞ ¼Hðr2aÞ 1þ4cp p2arcsin
r
4a
 
 r
2a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
2
16a2
r" #
Hð4a rÞ
( )
;
ð6:4Þ
where H denotes the Heaviside step function, r  jxi  xqj is the dis-
tance between the non intersecting inclusions vi and vq, and c is the
volume fraction of ﬁbers of the radius a. The formula (6.3) describes
a well-stirred approximation while Eq. (6.4) takes into account a
neighboring order in the distribution of the inclusions. Due to the
absence of uðvk;xk j; v i;xiÞ for non spherical inclusions vq, vi
(xi = 0), we will construct it for identical aligned heterogeneities
from the known g(r/a) (6.3) and (6.4) for spherical inclusions in
the following manner. Let the surfaces s 2 @vi and s0 2 @v0i are de-
scribed in either the polar or spherical coordinate systems by the
equations js(n)j  qi(n) and js0ðnÞj  q0i ðnÞ, respectively, and
q0(n) = 2q(n), n = (xk  xi)/r. We consider the alternative function
u vk; xkj;v i; xið Þ ¼ 1 V0i ðxk  xiÞ
 
g r=qiðnÞð ÞnðkÞ; ð6:5Þ
where Eq. (6.5) taking into account a neighboring order in the dis-
tribution of the inclusions is reduced to the known representation
for spherical inclusions g(r/a) (6.4) at q(n)  a. According to the best
author knowledge, a systematic quantitative investigation of the
binary correlation function u(vk,xkj;v i; xiÞ for the non canonical
shape (and even for the non spherical one) of inclusions was not
performed. In particular, Franciosi and Lebail (2004) (see also
Franciosi and Lormand, 2004) have examined some difﬁculties re-
lated to inclusion spatial distribution of non ellipsoidal symmetry.
However, this issue merits additional detailed consideration which
is beyond the scope of the current study.
In order to estimate the approximations introduced by discret-
izations implemented in the Finite Element Analysis (FEA) and for
the evaluation of the integral Eq. (5.4) we compare numerical re-
sults with a reference analytical solution in a plane strain problem.
In particular, we consider the representation (5.5) for statistically
homogeneous ﬁelds with the RDF given in Eq. (6.3) for homoge-
neous circular heterogeneities of radius R with exact analytical
representation of tensors Ri and Ti(x  xi) (x 2 R2) as well as analyt-
ical estimation of effective stress concentrator factor (4.7), (4.12).Thus, we compute the effective stress concentrator factors Bi in
the equationhriiðxÞ ¼ Bi ðxÞhri; Bi ðxÞ  BiðxÞBi ; ð6:6Þobtained by substitution of exact analytical representations of the
tensors Bi and Ti(x  xi) (x 2 R2) into the proposed scheme (5.5)
with h/R = 0.04 and h/R = 0.02. We consider a volume fraction of ﬁ-
bers c = 0.65 and we evaluate the stress perturbations
Lrq ðx xqÞhriqðxqÞ (5.2) in the vicinity {x: maxxjx  xqj = 3a} of the
area vq rather than only in the inhomogeneity x 2 vq as in the clas-
sical approach (4.5). Note that Eq. (6.6) is correct for homogeneous
effective ﬁeld riðxÞ when Bi is constant. In comparison with the ex-
act estimations B1111 ¼ 0:7962 (4.7), the errors in estimations of
B1111 resulted from (5.5) due to the discretization X
sq (6.2) of Eq.
(5.4) equal 0.11% and 0.05% for h = 0.04 and h = 0.02, respectively,
while analogous errors for the component B1212 equal 0.055% and
0.026%, respectively.
The analytical solutions for composites reinforced by the circu-
lar heterogeneities makes possible error estimation of the FEA sub-
sequently used for non canonical inclusions (6.1). The commercial
ﬁnite element code Comsol 3.5 was used for the ﬁnite element
modeling described in this paper. The inclusion and matrix mate-
rials were assumed to be isotropic, linear elastic and modeled with
plane strain 3-node triangular elements, while the interface was
modeled as perfectly bonded. The inﬁnite dimensions of the matrix
were approximated with a length of 40 inclusion diameters:
L = 40R (justiﬁcation of the length L = 40R is performed in
Buryachenko, 2007). Different regions of discretizations were
implemented imposing the smallest element dimensions around
to the phase interfaces in order to better capture the high gradients
and the jumps in the stress components. Typical meshes contain
18000–50000 elements (approx. 60000–200000 d.o.f.) for a CPU
time varying from 40 s to 2 min on a AMD Athlon 64 X2 Dual,
2.2 MHz. The stress perturbator factor Lrq ðx xqÞ (x 2 R2) (5.2)
estimated by the FEA at the mesh XFEA was used to interpolate
Lrq ðx xqÞ at the mesh Xsq (6.2) that was exploited for evaluation
of the tensor Ti(x) (5.4) at the mesh Xsq (6.2). The mentioned
scheme leaded to the errors in estimation of Bij1111ðxÞ and
Bij1212ðxÞ of 0.26% and 0.41%, respectively.
This preliminary computations conﬁrm that sufﬁcient conver-
gence of results is achieved and reveals that the error introduced
by the FEA at the meshXFEA in Eq. (5.2) exceeds the error produced
by the numerical computation of the integral Eq. (5.4) at the mesh
Xsq (6.2). It is also important to stress that the difference between
the new and old approaches does not exceed a computational er-
ror, and, therefore, we qualitatively proved that in the considered
example of the circle inclusion both methods the old (4.7), (4.9)
and new (5.5), (5.7) ones which are based on the classical (3.10)
and new (3.8) general integral equations, respectively, lead to close
numerical results.
It is important to stress that it is incorrect to estimate the inﬂu-
ence of the stress pertubator factor Lrq ðx xqÞ (5.4) only in the
inclusion vq, which means that stress perturbations introduced
by the moving inhomogeneity vq in their vicinity
vqk n vq ¼ fxja < jx xqj < 3ag are neglected. To better show this
point, we use the exact analytical representations of tensors Ri
and Ti(x  xi) (x 2 R2) substituted into Eq. (5.4) where for the esti-
mation of rðxÞ (x 2 vi) only the moving heterogeneities with the
centers jxq  xj < a are incorrectly taken into account. Then B1111
estimated by the use of incorrect scheme differs from exact value
B1111 ¼ 0:7962 (4.7) by 41%. However, in the case of correct using
of the new background (3.10) we must estimate the stress pertur-
bation in x 2 vqk (that lead to the identical results in both the old
approach and new one) rather than only in x 2 vq.
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backgrounds (3.10) and (3.8) for composites reinforced by non
ellipsoidal inclusions demonstrating essentially inhomogeneous
stress distribution inside inclusions even in the framework of the
hypothesis H1a. In more details we analyze the inclusion shape
(6.1) with the different aspect ratios R2/R1 = 0.1, 0.32, 0.64, 1, and
ﬁxed rs/R1 = 0.1 (at c = 0, see Figs. 3 and 4). The stress concentrator
factors for an isolated inhomogeneity Bij1111(x) in the cross section
x = (x1,0)> (see Fig. 3) grows in both the magnitude and variation
with decreasing of the ratio R2/R1 that is in line with analogous
curves obtained in 3D case for the long circular cylinders with
the smooth ends (see Chapter 18 in Buryachenko, 2007). However,
the stress concentrator factors Bij2211(y) behave more speciﬁcally
and demonstrate the change of sign in the cross-sections
y = (0,x2)> (see Fig. 4).Fig. 3. Stress concentrator factor Bij1111(x1) vs x1/R1 for R2/R1 = 0.1 (1), 0.32 (2), 0.64
(3), and 1.0 (4) and c = 0.
Fig. 4. Stress concentrator factor Bij2211(x2) vs x2/R2 for R1/R2 = 0.1 (1), 0.32 (2), 0.64
(3), and 1.0 (4) and c = 0.For the case c = 0.7 of composite materials reinforced by cylin-
der inclusions with R2/R1 = 0.1, 0.32, 0.64, 1.0, the stress concentra-
tor factors Bij1111ðxÞ and Bij2211ðyÞ in the cross sections x = (x1,0)>
and y = (0,x2)> are presented in Figs. 5 and 6, respectively, for the
binary correlation functions u(vk,xkjvi,xi) (6.4), (6.5). Increasing
of volume fraction of inclusions from c = 0 to c = 0.7 leads to pro-
gressive variation of curves from Figs. 3 and 4 to Figs. 5 and 6,
respectively. Normalized effective Young moduli E1=E
ð0Þ and
E2=E
ð0Þ are presented in Figs. 7 and 8, respectively, as functions of
the volume concentration c of inclusions at R2/R1 = 0.32. Curves 1
and 2 are estimated by the new approach (5.7) for the u(vq,xqjvi,xi)
(6.4), (6.5) and (6.3), (6.5), respectively, in both Figs. 7 and 8. The
curves 3 and 4 are predicted by the MEF and MTM, respectively,
which are invariant with respect to the concrete form of g(r), either
(6.3) or (6.4), in (6.5). As can be seen, the estimations carried out by
the different methods are essentially different at c > 0.6. In soFig. 5. Stress concentrator factor Bij1111ðx1Þ vs x1/R1 estimated for R2/R1 = 0.1 (1),
0.32(2), 0.64(3), 1.0 (4) and c = 0.7.
Fig. 6. Stress concentrator factor Bij2211ðx2Þ vs x2/R2 estimated for R2/R1 = 0.1 (1),
0.32(2), 0.64(3), 1.0(4) and c = 0.7.
Fig. 7. E1=E
ð0Þ vs c estimated by the new approach (1 and 2), MEF (3), and Mori–
Tanaka scheme (4).
Fig. 8. E2=E
ð0Þ vs c estimated by the new approach (1 and 2), MEF (3), and Mori–
Tanaka scheme (4).
Fig. 9. Bij2211ðx2Þ vs x2/R2 estimated by the new approach (1, 2 and 3), MTM (4), and
MEF (5) for R2/R1 = 0.32.
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NA with distinguished functions u(vk,xkjvi,xi) are basically less
than the difference between the curves relatives to previous classi-
cal methods.
The largest difference between the classical (4.8) and new (5.6)
approaches are observed for the component Bij2211ðx2Þ in a cross-
section x = (0,x2)> (see Fig. 9) where the predicted curves by the
new and classical approaches are distinguished by a sign. Curves
4 and 5 obtained by the MTM and MEF, respectively, are invariant
with respect to the binary correlation function u(vq,xqjvi,xi) either
(6.3) or (6.4). The new approach (5.6) was used for estimation of
curves 1–3 where we applied for the curves 1 and 2 the excluded
volume v0i ¼ fxjx ¼ 2y; y 2 v ig and the binary correlation func-
tions u(vq,xqjvi,xi) (6.4), (6.5) and (6.3), (6.5), respectively. The dif-
ference between the curves 1 and 2 demonstrates the impact of the
u(vq,xqjvi,xi) at the ﬁxed v0i ¼ fxjx ¼ 2y; y 2 v ig. In so doing the
dissimilarity of the curves 2 and 3 reveals the inﬂuence of
v0i ¼ fxjx ¼ 2y; y 2 v ig and v0i ¼ fxjx ¼ 3y; y 2 v ig, respectively, atthe ﬁxed u(vq,xqjvi,xi) (6.3), (6.5). It should be mentioned that in
Figs. 7–9 the curves estimated for v0i ¼ fxjx ¼ 2y; y 2 v ig by the
different method can be set up in the following order MTM-MEF-
[NA (6.3)]-[NA (6.4)]. Interestingly, there are known publications
(see for references Buryachenko, 2007) demonstrating equivalence
of the MTM and MEF for composites with identical aligned homo-
geneous ellipsoidal heterogeneities. Buryachenko (2007) obtained
analytical representation (without numerical results) of the differ-
ence between the effective elastic moduli estimated by either the
MTM or MEF in the case of non ellipsoidal inclusions. However,
to the best author’s knowledge, the current paper is the ﬁrst one
where the difference of both L⁄ (see Figs. 7 and 8) and B⁄(x) (x 2 vi)
(see Fig. 9) estimated by both the MTM and MEF are quantitatively
evaluated for the case of non ellipsoidal heterogeneities.7. Conclusion
Thus, we have proposed the new background of micromechan-
ics based on the new general integral Eq. (3.8) which makes it
potentially possible to abandon many classical concepts of
micromechanics used in most popular methods, namely: effective
ﬁeld hypothesis H1, quasi-crystalline approximation H2, the
hypothesis of ‘‘ellipsoidal symmetry’’ H3, and Eshelby tensor (see
for details Buryachenko, 2010c). In the present paper, numerical
results were obtained for composites with statistically homoge-
neous ﬁeld of homogeneous aligned prolate identical heterogene-
ities of non canonical shape. Hypotheses H1a and H2 were used
while the hypotheses H1b and H3 were not to be accepted. A fun-
damental deﬁciency of Eq. (3.10) is a dependence of the renormal-
izing term C(x  y)hgi(y) [obtained in the framework of the
asymptotic approximation of the hypothesis H1b] only on the sta-
tistical average hgi(y) while the renormalizing term hC(x  y)gi(y)
in Eq. (3.8) explicitly depends on details distribution hgjvi,xii(y)
(y 2 vi). Because of this, even in the case of statistically homoge-
neous media subjected to homogeneous boundary conditions,
new effects have been found. So, the ﬁnal classical representations
of the effective properties obtained by both the MEF (4.9), (4.12)
and MTM (4.15) depend only on the average stress concentrator
factor Bi (see Proposition 1) while the effective properties
estimated by the new approach (5.7) implicitly depend on the
728 V.A. Buryachenko, M. Brun / International Journal of Solids and Structures 48 (2011) 719–728inhomogeneous tensor Bi(x) which can be found by any available
numerical method, such as e.g., the volume integral equation
(VIE) and BIE methods, FEA, hybrid FEA-BIE, multipole expansion
method, and also at least one challenging method that uses fast
fourier transform techniques applicable to any kind of composite
structure that can be created numerically and provides comparable
results on test examples (see, e.g., Michel et al., 1999, 2001) with
FEA that is mesh-shape and mesh-size dependent. All these meth-
ods have a series of advantages and disadvantages, and it is crucial
for the analyst to be aware of their range of applications. We have
used in this paper the FEA which is a rather time-consuming pro-
cedure and supported by well developed commercial softwares.
The required computation of the inhomogeneous stress concentra-
tion tensor Bi(x) has been obtained numerically by a simple FEA of
one heterogeneity in a large sample. Moreover, the detected
dependence of the effective properties on the detailed stress con-
centrator factors Bi(x) rather than on the average values Bi allows
us to abandon the hypothesis H1b whose accuracy is questionable
for inclusions of non canonical shape. We obtained a fundamental
conclusion that effective moduli in general depend not only on the
stress distribution inside the referred inhomogeneity (describing
by the tensor Bi(x) (x 2 vi) but also on the stresses in the vicinity
of heterogeneity i.e. extension of Bi(x) (or Lri ðx xiÞ), x R vi is nec-
essary. Then the size of the excluded volume v0i as well as the bin-
ary correlation function u(vq,xqjvi,xi) impact on the effective ﬁeld
even in the framework of hypothesis H2. A larger difference be-
tween the use of the backgrounds (3.8) and (3.10) was obtained
for composites reinforced by non ellipsoidal inclusions demon-
strating essentially inhomogeneous stress distribution inside
isolated inclusions even in the framework of the hypothesis H1a.
As a nearest perspective, a thermo-elastic problem of microme-
chanics will be considered by the authors as a straightforward gen-
eralization of the approach presented in the current paper. One
might surmise that further interesting unexpected results will be
discovered in the near future for the wide classes of micromechan-
ical problems (see Buryachenko, 2010c; Buryachenko and Brun, In
press).
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